Rules for integrands of the form (a x~\j+b x~n)"\p
Rules for integrands of the form (axJ + bx")”

1:Jwaﬂ+bxﬂpdxwmmp¢z/\j¢nAjp—n+j+1=0

Derivation: Generalized binomial recurrence 2awithm=0andjp-n+j +1 ==

Rule:lf p¢Z A j+n A jp-n+7j+1-=0,then
(axj+bx")pd

b(n-j) (p+1)x"?

J(axj+bx“)pdx —

Program code:

Int[(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
(a*x~j+bxxn) A (p+1) /(b (n-3) (p+1) #x~ (n-1)) /;
FreeQ[{a,b,j,n,p},x]| && Not[IntegerQ[p]] & NeQ[n,j]| 8&& EqQ[j*p-n+j+1,0]



Rules for integrands of the form (a x~\j+b x~n)"\p

2.Jwaxj+bxﬂpdxmmenpez AJ#EnA ﬂfﬁhleZ‘

1: J(axj+bx")pdx whenp¢z A j#n A "—”:%‘jj"—lez‘/\ p<-1

Derivation: Generalized binomial recurrence 2b withm = ©

Note: This rule increments “—p;—ri‘]]*—l by 1 thus driving it to @.

Rule:lf peZ A j#n A ”—F’;—’i‘jjieZ*Ap<—1A (jez VvV c>0),then

(a x3 +bx")"’1 )'E’+1

np+n-j+1 J‘(axj+bxn

J(axj+bx")pdlx—> - .
a(n-j) (p+1)x3* a(n-3) (p+1)

- dx
xJ

Program code:

Int[(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
- (a*x"j+b*x"n) n (p+1)/(a* (n-j) * (p+1) *X"(j—l)) +
(n*p+n—j+1)/(a* (n—j) * (p+1) ) *Int [ (a*x"j+b*x"n) A (p+1)/x"j,x] /3
FreeQ[{a,b,j,n},x] & Not[IntegerQ[p]] & NeQ[n,j] && ILtQ[Simplify[(nxp+n-j+1)/(n-j)],0] && LtQ[p,-1]



Rules for integrands of the form (a x~\j+b x~n)"\p

2:JXaﬂ+bxﬂdeWan¢ZAj¢nA!mﬁ?ﬂeZ‘Ajp+1¢e

Derivation: Generalized binomial recurrence 3b withm = ©

Note: This rule increments ”—p*n—”_*JJ*—l by 1 thus driving it to ©.

Rule:lff p¢gZ A j+n A ”—p;—”_*jueZ*Ajp+1¢0,then

(axj+bX")p+:l b(np+n—j+1)

j(axj+bx“)pd1x —

. jx"‘j (axj+bx")pdlx
a(jp+1)x3+ a(jp+1)

Program code:

Int[(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
(a*x~j+bxxrn)~ (p+1) /(ax (j*p+1) #x~ (§-1)) -
bx (nxp+n-j+1) /(a* (j*p+1) ) +Int[x* (n-3) * (axx*j+bxx"n) ~p,x] /;
FreeQ[{a,b,j,n,p},x]| && Not[IntegerQ[p]] & NeQ[n,j]| && ILtQ[Simplify[(n*p+n—j+1)/(n—j)],e] & NeQ[j*p+1,0]



Rules for integrands of the form (a x~\j+b x~n)"\p

4. j(axj+bx“)pdlx whenp¢z A @<j<n
1. f(axj+bx")pdx whenp¢z A ©@<j<n Ap>0

1: J(axj+bx")pdx whenpé¢zZ A O<j<n Ap>0 A Jjp+1<0

Derivation: Generalized binomial recurrence 1a withm = ©

Rule:lf pegz AN@<j<nAp>0 A jp+1<0,then

x(axi+bx")? b(n-3)p

J.(axj+bx")pdlx —

Jx" (a x3 + bx")"'l dx
jp+1 jp+1

Program code:

Int[(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
x* (axx*j+bxxn)~p/ (jxp+1) -
bx (n-3) #p/ (j*p+1) xInt [x"n« (axx*j+bxx"n)~ (p-1) ,x] /;
FreeQ[{a,b},x] && Not[IntegerQ[p]] && LtQ[0,j,n] & GtQ[p,0] && LtQ[jxp+1,0]



Rules for integrands of the form (a x~\j+b x~n)"\p

2: J(axj+bx")pdx whenpé¢zZ A @<j<nAp>0 Anp+1#0

Derivation: Generalized binomial recurrence 1b withm = ©

Rule:lf p¢Z AN@<j<nAp>0 Anp+1+80,then

x (axd+bx")? a(n-j)p
+

J(axj+bx")pdx — jxj (axj+bx")p'1d1x

np+1 np+1

Program code:

Int[(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
x* (axx"j+bxxn) Ap/ (nxp+1) +
ax (n-j) »p/ (n*p+1) +Int [x j* (a*x"j+bxx"n)~ (p-1) ,x] /;
FreeQ[{a,b},x] && Not[IntegerQ[p]] && LtQ[0,j,n] & GtQ[p,0] && NeQ[nxp+1,0]



Rules for integrands of the form (a x~\j+b x~n)"\p

2. J(axj+bx")pd1x whenp¢z A@<j<n Ap<-1

1: J(axj+bx")pdx whenpé¢z A @<j<n Ap<-1Ajp+l>n-j

Derivation: Generalized binomial recurrence 2a withm = 0

Rule:lf pez AN@<j<nAp<-1AJjp+1>n-7j,then

(a x3 n\p (a x4 bxn)P"l
J-~ +bx ) dx — -
b(n-3) (p+1)x"* b (n-3) (p+1)

)p+1

dx

n

jp-n+j+1 (axj+bx"
I

Program code:

Int[(a_.#x_"j_.+b_.*x_"n_.)"p_,x_Symbol] :=

(a*x"j+b*x"n)"(p+1)/(b* (n-j) * (p+1) *x~ (n-1) ) -

(3*p-n+j+1) /(bx (n-3) * (p+1) ) #Int[ (axxj+bsx~n)~ (p+1) /x*n,x] /;
FreeQ[{a,b},x] & Not[IntegerQ[p]] && LtQ[0,j,n] & LtQ[p,-1] & GtQ[j»p+1,n-j]



Rules for integrands of the form (a x~\j+b x~n)"\p

2: J(axj+bx")pdx whenp¢zZ A@<j<n Ap<-1

Derivation: Generalized binomial recurrence 2b withm = 0

Rule:lf p¢Z AN @< j<n A p<-1,then

p+1

(axj+bx")pd . np+n-j+1 J-(axj+bx") x

a(n-j) (p+1)x3* a(n-3) (p+1)

J(axj+bx")pdx — -

x3

Program code:

Int[(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
- (a*x"j+b*x"n) n (p+1)/(a* (n-j) * (p+1) *x* (j—l) ) +
(n*p+n—j+1)/(a* (n—j) * (p+1) ) *Int [ (a*x"j+b*x"n) A (p+1)/x"j,x] /3
FreeQ[{a,b},x] & Not[IntegerQ[p]] && LtQ[@,j,n] & LtQ[p,-1]



Rules for integrands of the form (a x~\j+b x~n)"\p

5. j(axj+bx")pdlx when p+iez Aj#n A jp+l==0

1: J(axj+bx")pdx when p+%ez"/\ j#n A jp+1=0

Derivation: Generalized binomial recurrence 1b

Rule:if p+ > ez* A J#n A jp+1=0,then

e (axj+bx")p

J‘(axj+bx")pdlx—> +aJ‘xj (axj+bx")p'1d1x

p(n-3)

Program code:
Int[(a_.#x_"j_.+b_.*x_"n_.)"p_,x_Symbol] :=

X* (a*x"j+b*x"n)"p/(p* (n-J)) + a*Int[x"j*(a*x"j+b*x"n)"(p-1),x] /38
FreeQ[{a,b,j,n},x] && IGtQ[p+1/2,0] & NeQ[n,j]| && EqQ[Simplify[j«p+1],0]

2. j(axj+bx")pdx when p—%eZ‘ Aj#EnAjp+l=0

1
1: J—dlx whenn # 2

Vax?2+bx"

Reference: G&R 2.261.1, CRC 237a, A&S 3.3.33
Reference: CRC 238

Derivation: Integration by substitution

Basis: If n # 2,then —— = 2 subst[ L, x, ] o —*
ax?+b x" 2-n rax \/3X2+bX" \/axz"bxn

Rule: If n # 2, then



Rules for integrands of the form (a x~\j+b x~n)"\p

1 2 1 X
j— dx — Subst[J ~ dx, X, —]
Vax?+bx" 2-n 1-ax Vax?+bx"

Program code:
Int[1/Sqrt[a_.*x_"2+b_.*x_"n_.],x_Symbol] :=

2/ (2-n) *Subst[Int[1/ (1-a*x"2) ,x],X,x/Sqrt[a*x*2+bxx*n]] /;
FreeQ[{a,b,n},x] &% NeQ[n,2]

2; J(axj+bx")pdx Whenp+§GZ'/\ j#n A jp+1==0

Derivation: Generalized binomial recurrence 2b

Rule:if p+ > €z A J#n A jp+1=0,then

p+1l

(axj+bx“)p+1 np+n-j+1 (axj+bx")
+ j dx

a(n-j) (p+1)x3* a(n-3) (p+1)

J-(axj+bx")pdlx — -

xj

Program code:
Int[(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
- (a*x*j+bxx”n) A (p+1) /(ax (n-3)  (p+1) #x (3-1) ) +

(nxp+n-j+1) /(ax (n-3) * (p+1) ) #Int[ (axxj+bsx~n)~ (p+1) /x*j,x] /;
FreeQ[{a,b,j,n},x] & ILtQ[p+1/2,0] & NeQ[n,j] && EqQ[Simplify[jxp+1],0]

1
6: J—dlxwhenZ(n—l)<j<n

\Vaxi+bx"
Derivation: Generalized binomial recurrence 3a withm = @andp = - %

Rule:1f 2 (n-1) < j < n,then



Rules for integrands of the form (a x~\j+b x~n)"\p

dx

J" 1 2yVaxd+bx"  a(2n-j-2) J‘ 1
xn-3

dx — - -
- b -2) x" b (n-2 -
\/ax3+bx" (n ) x ( ) ’\/ax3+bx“

Program code:
Int[1/Sqrt[a_.*x_"j_.+b_.*x_*n_.],x_Symbol] :=
-2+Sqrt[asx~j+bxxn] / (bx (n-2) #x~ (n-1)) -

ax (2xn-j-2) / (b* (n-2) ) «Int[1/(x" (n-j) +Sqrt[asx j+bsx*n]),x] /;
FreeQ[{a,b},x] && LtQ[2x(n-1),3j,n]

X. j(axj+bx")pdx whenp¢z A j#n

1: J(axj+bx")pd1x whenpé¢zZ A j#n A jp+1==0

Rule:lf peZ AN j+n Am+Jjp+1-=0,then

. X (a x3 + bx“)p a
(axd +bx")Pdx — - HypergeometricZFl[—p, -p, 1-p, - ]
p(n—j) (ax3+bx")p b x"-3

bx"

Program code:

(» Int[(a_.#x_"j_.+b_.*x_"n_.)"p_,x_Symbol] :=
x* (axx"j+bxxn) 2p/ (p (n-3) » ( (a*x*j+bxx”n) / (bxx"n) ) Ap) «Hypergeometric2F1[-p,-p,1-p,-a/(b+x*(n-3))] /;
FreeQ[{a,b,j,n,p},x]| && Not[IntegerQ[p]] & NeQ[n,j]| && EqQ[jxp+1,0] =)

2: J(axj+bx")pdx whenp¢zZ A j#n A jp+1+0

Rule:lf p¢Z A j+n A jp+1+0,then



Rules for integrands of the form (a x~\j+b x~n)"\p

. axi+bx")P jp+1 jp+1 b x"-3
xI+bx"\Pdx — xaxsox Hypergeometric2F1|-p, - > "= > - -
. . ( jp jp
(p+1) (an+bx")P n-j n-j a

axd

Program code:

(» Int[(a_.#x_"j_.+b_.*x_"n_.)"p_,x_Symbol] :=
xx (axx*j+bxx~n) Ap/ ((j*p+1) » ((a*xx j+bxx"n) /(axxj) ) ~p) #
Hypergeometric2F1[-p, (j*p+1)/(n-3), (3*p+1)/(n-3) +1,-b*x~(n-3) /a] /;
FreeQ[{a,b,j,n,p},x]| && Not[IntegerQ[p]] & NeQ[n,j]| && NeQ[jxp+1,0] =)

7: J(axj+bx")pdx whenpé¢z A j#n

Derivation: Piecewise constant extraction

. axi+bxn)P
Basis: Oy — - -0
X

P (a+bxn-3)P
(axd+bxm)® (ax3+b X”)Fr‘-’lcparfIm

x3 P <a+b anj>P "7 ydFracPart(p] <a+b " j)Fr‘acPar‘t[p]

Basis:

Rule:lf p¢Z A j # n,then

(a Xj +b Xn) FracPart[p]

Xj FracPart[p] (a +b Xn_j) FracPart[p]

J(axj+bx")de — ijp(a+bx"‘j)pd1x

Program code:

Int[(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
(a*x~j+bxx”n) AFracPart [p] / (x~ (j*FracPart[p])  (a+bsx~ (n-j) ) AFracPart[p]) «+Int[x” (j*p) * (a+b*x”(n-3))~p,x] /;
FreeQ[{a,b,j,n,p},x] && Not[IntegerQ[p]] & NeQ[n,j]| && PosQ[n-j]



Rules for integrands of the form (a x~\j+b x~n)"\p

S: J(auj+bu")pdx when u == ¢ + d x

Derivation: Integration by substitution
Rule: If u = c + d x, then

. 1 .
f(a w+bu")Pax — ESubst[J(a x) +bx")Pdx, x, u]

Program code:

Int[(a_.*u_"j_.+b_.#u_"n_.)"p_,x_Symbol] :=
1/Coefficient [u,x,1] xSubst [Int[ (axx"j+bxx*n)~p,x],x,u] /;
FreeQ[{a,b,j,n,p},x]| && LinearQ[u,x] && NeQ[u,Xx]
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